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CHARTS FOR CALCULATION OF THE CRITICAL STRESS FOR
LOCAL INSTABILITY OF COLUMNS WITH I-, Z-,
CHANNEL, AND RECTANGULAR-TUBE SECTION

By W, D, Kroll, Gordon P, Fisher, and Geocrge J, EHeimerl
SUMMARY

Charts are presented for the calculation of the crit-
ical stress for local instability of columns with I, 2-,
channel, and rectangular—tube section, These charts are
intended to replace the less complete charts prblished in
NACA Technical XNote No, 743, The values used in extende
ing the charts are computed by moment—distridbution methods
that gzive somewhat more accurate values than the energy
method previously used and also make it possible to deter—
mine theoretically which element of the cross section is
primarily responsible for instability,

An experimental curve is included for use in taking
into account the effect of siresses above the elastic
range on the modulus of elasticity of 248-T aluminum alloy,

4 determination of the dimensions of a thin-metal
column for maximum critical stress with certain given con—
ditions 1s presented,

INTRODUCTION

One of the important requirements in the design of
thin-metal columns for aircraft is the determination of
the critical compressive stress at which loeal instadbility
cceurs, Local instability of a column is defined as any
type of instability in which the cross sections are dis—
torted in their own planes but are not translated or rowe
tated,



The critical stress for local instability can
usually be given in terms of the geometry of the sec—
tion, the properties of the materlial, and a coefficient,
Reference 1 presented charts for the determination of
such coefficients for columns of I-, Z-, channel, and
rectangular—tube sections, These charts, however, con-—
tained relatively few curves and in some cases required
interpolation over a wide range,

In order to make the charts of reference 1 more
nearly complete and to reduce the necessary range of
interpolation, each chart has been extended to include
eight intermediate curves, The valiues used in extend—
ing the charts are computed by moment—distribution
methods that give somewhat more accurate values than the
energy method previously used and also make it possible
to determine theoretically which element of the cross
section is primarily responsidble for instability,

The present report includes the extended charts,
along with tables of the values used in preparing the
charts, and is intended to supersede referencs 1, An
experimental curve is included for use in taking into
account the effect of stresses above the elastic range
on the modulus of elasticity of 2457 aluminum alloy,

A determination of the dimensions of a thin-metal column
for maximum critical stress with certain given conditions
is presented,

SYMBOLS
A cross—~sectional area
? width of end or narrower wall of rectangular tube or

of plate element of I—-, Z-, or channel section

D effective flexural stiffness of plate per unit length
3
12(1-u®)
E modulus of elasticity

h width of side or wider wall of rectangular tube
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k nondimensional coefficient dependent upon relative
dimensions of cross section

ksec section coefficient

t thickness

111 stiffness in moment—distribution analysis for far

edge free (no support and no restraintagainst
rotation)

SIv stiffness in moment—distribution analysis for far
edge supported and subjected to sinuscidally
distributed moment equal and opposite to moment
applied at near edge

€ restraint coefficient, a measure of relative resis—
tance to rotation of restraining element at edge
of plate

A half wave length of buckle

" Poisson'!s ratio

Usyr cCritical compressive siress

N nondimensional coefficient that takes into account
reduction of modulus of clasticity for stresses
above the elastic range, Within the elastic
range, +n = 1,

Subsecripts:

r flange

w web

b end or narrower wall of rectangular tube
h side or wider wall of rectangular tube

FORMULAS FOR CRITICAL STRESS

¥or an I-, Z-, or channel scction, either of two
formulas given in reference 1 may be used for calculating
the critical compressive stress, The two formulas are
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Ucr ) kW" Etw (1)
12(1 - p)py°
and
aCI‘ kF‘ﬂzEth
= <&
n 12{1 - p®)op* (2)

The corresponding formula for a rectangular—tube section
is given in reference 1 as

& -
Ocy _  Em Bty

n 12(1 = u*)n?

(3)

In using formulas (1), (2), and (3) when the stresses
are above the elastic range, o,p/n 1is first evaluatea,

and 0,, is determined from thils value by means of the

curve of figure 6, The relationship between and

o
er
Oyp/n will be further discussed in another section of

this report,
DISCUSSION OF CHARTS

All of the quentities on the right—hand side of
equation (1), (2), or (3) are known except the value of
the coefficient ky, kp, or k, This value may be read

from the appropriate chart (figs, 1 to 5) after the nec~
essary dimension ratios are computed and applies whenever
the length of the column is greater than several (3 or 4)
times the width of the widest plate element,

In general, when a column of I—~, 2-, channel, or
rectangular—tube section fails by local instability, one
of the two elements (wed and flange or end wall and side
wall) of the cross section nay be seid to be primarily
responsible for the instability; that is, as the load
approaches its eritical value, this one element is no
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longer capable in itself of supporting the loads imposed
on it without buckling and requires a certain amount of
restraint from the other element of the cross section in
order to delay buckling until that load for which the
cross cecticn as a whole becomes unstable is reached,

The charts show which element of the cross section is bhe—
ing restrained against buckling by the other element, A
dashed line is drawn on each of the charts (figs., 1 to 5)
connecting the pcints for which the two elernents are
equally responsible for the instability of the section,
This line divides the chart into two regionst In one
region the web (or side wall) is primarily responsible
for instability and in the other region the flange (or
end wall) is primarily responsidle for instability, A
ceclumn with a given cross section will fall into one of
these two regions, depending on the values of the various
dimension ratios,

RELATIONSHIP BETWEEY o.,. AND o,./n

Figure € shows the relationship bYetween o and

cr
ocr/n as determined from tests of 2457 aluminum—alloy
columns of Z—, H-, and channel section, either formed from

lat sheet or extruded, This figure was prepared by plot—
ting the experimentally determined values of Tay as

ordinates against the values of Gcr/n as abscissas, The
values of ccr/n were computed according to equation (1)

and the chart of figure 1 cr 3. The results of the tosta
are discussed in more detail in reference 2,

Similar experimental data for materials other than
245-T aluminum alloy are not now available, and further
study of this subject seems desirable,

METHOD OF PREPARING CEARTS

Values of ky, kp, 2and %k used in preparing the
charts (figs, 1 to 5) were computed by an application of
the principles of moment distribution to the stability of
thin plates, This method is presented in detail and one
cxample of its application is given in reference 3,



which was obtained from equations (1) and (2) and the
assumption that stress is uniform across the section,

6. Using the assumed values of A/by and Ky,

evaluate the quantity SIVW/(B/b)W from the tables of
reference €, where

3
— nkEt
Dy = .
12(1 - uz)
4SvabF
7. OCompute € = ————2 % (ice reference 4), where
Dy
3
—_— nEtF
F— <
12(1 - p°)

The formula isg

Iv @ Iv X 3
S W <b/w L /f£\<fﬁ\
/DY (DY (2§ \vwAtz/

B \EJr \b

8, With the values of € frop step 7, determine
kF from the chart of figure 3, reference 4,

9. Plot kp from step 5 and kp from step 8§ as
ordinate against either of the two values as abscissa,
The intersection of the two curves gives the correct
value of kp for the particular value of A/ by,

10, Repeat steps 2 to 9, assuming different values
of A/by.

11, Plot the values of kp from step 9 against

A/bF, The minimum of this curve gives the regquired value
of kF‘
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which was obtained from equations (1) and (2) and the
assumption that stress is uniform across the section,

€. Using the assumed values of Ay and  ky,

I —
evaluate the quantity § Vw/(D/b)w from the tables of
reference €, where

— nkt
By = L
12(1 — p*)
7. Compute ¢ = ———-2 % (gee reference 4), where
Dy
3
5 - nEtF
P z
12(1 — %)

The formula is

v .Im.)\ IV
S w (‘o/v‘ _ 5 « ( _lf\
/D% /DY \ \bW/

\P,W \t/F b /W

€ = 4

8, With the values of € fronm step 7, determine
k from the chart of figure 3, reference 4,

5]

9. Plot kF from step 5 and kp from step 8 as

ordinate against either of the *wo values as abscissa,
The intersection of the two curves gives the correct
value of kp for the particular value of A by,

lD Repeat steps 2 to 9, assuring different values
of K bw.

11, Plot the values of kp from step 9 against

A/bﬁ, The minimum of this curve gives the required value
of ;{F
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If the calculations indicate that § 'y 1is nega—
tive, the prediction that the flange is the primary
ceuse of instability is wrong, In suchk a case, the

calculation must be carried out with SIIIF instead of

SIVW in step 6, and with the chart of figure 3, refer—
ence 5, in step 38, In addition, all the subscripts 7
will become W, and vice versa,

The results of the procedurc outlined hercin as
applicd to the problem of figurce 7 are given in table I,
The values of kyp in the last column of table I were
determined according tec step 2, If these values of kg
are plotted cgainst A/byp, the minimum value is found
to be about C,73, The valuc of ky can be computed from
the formula given in step 5,

Tables II to VI give the minimum values of ky, kp,

and k used in the preparation of figures 1 to 5, All

of the values of k and lky in these tables except those
marked a were computed either by the method just out—
lined or by the moment—distribution method discussed in
reference 2, The values of kp were then computed by

the equation given in step 5, The values marked a are
those computed by the energy method and used in the prep—
aration of the charts of reference 1,

DIMENSIONS OF TEIN-METAL COLUMNS FOR

MAXIMUM CRITICAIL STRESS

Bquation (1) gives the critical stress for an I-,
Z—, or channel column in terms of the width and the thick-
ness of the web, The effect of the presence of flanges 1is
taken into accourt in the evaluation of the coerfficient
kwy. 7For the purpose cof studying the dimensions that give
maximum critical stress, the form of equation (1) is pre-
served but the corncept of certain terms is generalized,

The ratio b/t of a plate may be called the aspect
ratio of the plate, A corresponding quantity that exz—
presses the "section aspect ratio" for a thin-metal col—
umn is the area of the section divided by the square of
some thickness, If, therefore, equation (1) is written
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g m°E i\ 2

(4)
12(1 — p®) A )

then the value of the section coefficient kgee 1s a
measure of the effect of the shape of the scction by/ oy
on o,./n for a given section aspect ratio A/ty® and

a given value of ty/tp. In order to show that kKseo 1s

dependent on only byp/by and ty/tp, equation (1) 1is
set equal to equation (4), with the result that

to\ 2 rtweN\2 -~
N (s
W \bpf) sec k A /

From the geometry of the section (Z— or channel),

A = bWtW + ngtF- If this value of 4 is substituted
in equation (5) and the equation is solved for Kege,
the result is:

b /b,r‘e
kSGC = kW <1 + 2 -EF %) (G)
W/UF

The value of ky depends on cnly byp/by and ty/te,
and the value of Ksee therefore also depends on only
these two ratios,

In figure 8 the velues of ksec

equation () are plotted for channel— and Z-secticn colw
umns, and in figure 2 gimilar values are plotted for I—
section columns,

as determined by

A method exactly analocgous to the foregoing method
can be applied to rectanguiar tubes, In this case, aqua-—
tion (4) is written

(7)
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and the formula for kseec Dbecomes

t 2
b *b
k = 4k (1 + 2 _° (g8
sec < h th )

In figure 10 are plotted the vaiues of ksee for rec—
tangular tubes, as determined by equation (8),

As a practical problem in the determination of the
dimensions of a thin-metal column for the development of
maxipmum critical stress, consider a filat strip of metal
of constant thickness which is to be formed into 2 Z-~ or
channel section, In the formed section, tW/tF = 1, The

section aspect ratio Altyw® s equal to the width of this

strip, or the developed length of the final cross section,
divided by the thickness, When bent to form a channel— or
Z—section column, this strip of metal of constant thick-
Dess develops the highest Ocp/n  for local instability if
the bends are so located that the ratio of flange width to
web width bp/by is equal to about 0,41, which is the

maximpum of the curve for ty/tp = 1 in figure g,

Regardless of the thickness used in the definition
of the section aspect ratio, the maximum value of Ter/n
for a given value of the section aspect ratio will occur
at the same values of byp/by for a particular value of
tw/tF. The maxipum for each ty/tF ratio therefore re—
veals the shape — that is, the value of br/by — that the
I-, Z—, or channel section should have if maximum oep/n

1s desired, The same reasoning holds for the rectangular
tube, (See fig, 10,)

Equations (1) to (3) ang figures 1 to 5 are probably
more useful to practical designers than the more general
equations (4) and (7) and figures 8 to 10, The curves of
figures 1, 3, and 5 have therefore been redrawn in figures
11 to 13 with dashed lines added to show the percentage of
the maximum value of Oor/M  that can be developed for given

values of ty/ty and A/ty®  when bp/by is varied, The
position of these lines is independent of the thickness

used in the definition of the section aspect ratio, It is
of interest to observe, by comparison of figures 2, 4, and
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5 with figures 11 to 13, that the line of maximum values
bears no aprarent relation to the line that shows the
dimension ratios for which the web and flange (or end
wall and side wall) are cqually responsible for the in-—
stability cof the secticn,

CONCLUSIONS

1, The critical compressive stress at which cross—
sectlonal distortion begins in a thin—wall column of I—,
Z—, or channel section is given by cither of the follow—~
ing formulas:

Oer kyTeEBty®
n 12(1 — p®)py®
or
kpn°Etp®
OCI’____ FTTEJ:
7 12(1 — u®)bpp®
where
by width of webd
by half width of flange for I-section, total width of

flange for Z- and channel section

kw and kF nondimensional coefficients read fronm the
appropriate chart

E and p Young's modulus and Poisson'!s ratio for the
materisl, respectively

o 0

ty and ty thickness of web and flange, raspectively

n nondimensional coefficient that taekes into
account reduction of modulus of elasticity

for stresses above the elastic range, Within

-

the elastic range, mn = 1,
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Or a rectangular—tude section

° km? Et,°

C r = e e e e e,

n 12(1 — p*)n®

where

k nondimensional coefficient read from appropriate
chart

h and t, width and thickness, reppectively, of side or
wider wall of rectangular tube

2, For stresges above the elastic range, the critical
compressive stress isg determined from a2 curve that gives
the relationship between Ocr and o,n/n for 245-7 ajlu-
minum alloy,

3o The charts of values of k are divided into two
regions: In one region the webd or side wall is primarily
responsible feor instability and in the other region the
flenge or end wall is primarily responsible for instability,

4, The equations for critical stress are also pres—
énted in general form with the ratio b/t replaced by the
sectlon aspect ratio A/t2, where b is the width and t
the thicknoess of an element of the cross section, and A
is the area of the cross section, PFrom these general equa-—
tions, charts have been prepared that reveal the effoct of
shape alone on the critical stress for local instability,
The shopes that zive maximum critical stress bear no aprar—
ent relation to the proportions for which the web and flange
(or end wall and eide wall) are equally responsible for the
instability of the section

Langley Memorial Aeronautizal Laboratory,
National Adviscry Ccumittee for Acronautics,
Langlay dield, vVa,
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TABLE V

CALCULATED MINIMUM VALUES OF kF FOR CHANNEL AND Z-SECTIONS

tw/tp
0.5 0.6 | 0.7 0.8} 0.9 | 1.0 1.2} 1.4 | 1.6 1.8}] 2.0
byy/b
A ™
0 81,288 |wmmmm | mmmme | mmme| e 81,288| ~mcn|ecmen mommn]| mmand 81,288 ‘
2 Par 4 el il St B R T B 5 1 T B R s E""Q {3
317 (SR RN PRI BUp FRIpUII PR R - e 1.2
% et el e et I G -Y4-3 PR, DRI PR P (. 1 ~N
8 L T e B L e B BT P I P a3 204
1.0 .59810.650 |0 Zoé 0.77210.836 89010 983 1.074 |1.134]1.161] 1.192
1.250 5671 617 761 .726] .791 870} .96L|1.056 |1.110{1.1L0} 1.153
1 %29 551 5921 L6551 .712| .767 8221 .93 11.0L5 {1.110{1.143] ~-==-4
1.667 .513| .559 11| .67 .727 792] .911(1.015 {1.099|1.137! 1.195
1.739 107 P B B e T Dl R EEE R T T PP
1.786 I 1 USRI PRI PRI U e B Tl et TS .
1.818 .L89 ----------------------------------------------
1.90 N e R el EE T T bl Rttt adaletededl Eedededydull Salabdadadil hubabnletudl Bhaluabadug
g?gé 1% (a1 | T3 | TS5 1a5T 735|550 AL 1307
2.222 | emmme- 3l k89| .5h2| 606 fammmam |mmomm fmamen frmeae| aoo
2.500 2611 .351| .4420 .hg; Eag .598 Zua .906 L.049[{1.1%1
2.857 |~----- 270 .5?5 .336 503 Ly 07 .g 2/1.10
3.3%5 AL6 | 1981t L2677 .295] 342 .agz .5151 .662 | .B28|1.013
000 |~====- L1361 L1731 .206] 242 | .2 CETTH JuB9 i .21 .T772
L.Loo | 8,083 |-ceme |mmmme e e 8,236 |mmmem fomcan o] e
;. 800 e el Bl Ll R z.igg --------------------
. 200 c059 |rmmmm fr e e e [ e 170 e |ommmm e oo
g.soo ----- ? --------------------- S 1 11 P e e B
6.000 Lo ) P e B L 8,127 fennme frmmem o] ————

8computed by energy solution (reference 1l).
TABLE VI

CALCULATED MINIMUM VALUES OF k FOR RECTANGULAR TUBES

tp/ty
0.5 lo.6 |o.7{0.810.9] 1.0 |1.2 1.4 [1.6 1.8 | 2.0

b/p

0 87,01 | mwef mmmef mmme| mmee| B7.0Lf mmem femem feme o === ] 87,01
.050 aa.l ISP, [UPOET IR QI RN ] CE Tl CEE PERT R P
L075 |81 8B|aman| cmee| meee| e mmm e SR P N R Pt
.100 | 8,72 -mmef cmme] mmme| <= B6.09) mmmm [mmmm f o] -===|B6.85
125 [ 8L, 62 ~mmef comf cme] | mmeae S PRI i [T e
.200 h'hh L.68| L.ohl5.21| 5.42] 5.66]6.0216.3116.48]6.62] 6.71
.300 I 7o) JAUON [ (RO [P RIS PGS PO Ty B
oo h.gl L.l L.62]L4.82|5.05) 5.30[5.72]6.05]6.29]6.45]| 6.59
500 | La12]emeef mmmm] mmme] mmef e e |mmmm |- 6431 6.5
.238 2.8% L.12 h.30{ h.52{ .77 5.03|5.52(5.92]6.20]{6.41] 6.5
661 | 2.76|-mmnl coee| mmea| o] e T e
670 | 3.68|--mo| memn) mmme| mmm] e OIS PRI PR o PR
.700 | %.38|3.86|L.08| ~ecm| =mmm|=mmum cemm|emeef--==|6.40]| 6.55
P A1 et i g i s s
:goo 2.56(3.62] 3.75|L.ol| L. 36] L.6L|5.28|5.79]6.15{6.39] 6.5L
.320 | -~=Z- L J-r4 NSRS PURURS RREU R SN MO PG I N [T
850 |=--n- 2-05 --5- -*g* iibaiad Bttt bl b S hfuinke g-;; -g-g-
«900 |~=m-- e75] 3291369} mmen} emeum R EETTs R X% .

1.000 1.6&.2.2% 2.751%.22|%.61] L.00{L.81]5.56(6.1016.39 6.5%

|

a
Computed by energy solution (reference 1).
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